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—— Abstract

A well-known result about propositional logic is that transforming a formula into disjunctive or

conjunctive normal form can lead to an exponential blowup of the formula size. We formalize this
result in the form of two theorems in Isabelle/HOL and discuss the challenges we encountered.
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1 Introduction

The metatheory of propositional logic has been studied for many decades and has been
the subject of extensive formalization effort for many years. However, to the best of our
knowledge, very few quantitative results have been formalized. One well-known quantitative
result is that transforming a formula into disjunctive or conjunctive normal form can lead to
an exponential blowup of the formula size.

In this paper, we first briefly cover the necessary mathematical background (Section 2)
and then report on our Isabelle/HOL formalization of this exponential blowup. We start by
presenting a few preliminary definitions and lemmas (Section 3).

We then prove the exponential blowup when converting a formula from conjunctive
to disjunctive normal form (Section 4). Our formalization splits the paper proof into a
low-level Proposition 16 and a high-level Theorem 17. The low-level proposition exhibits the
exponential blowup for concrete formulas with specific shapes and properties. The high-level
theorem corresponds to the expected mathematical result (e.g., with alternating existential
and universal quantifiers) and proves that formulas expected by the low-level proposition
can always be obtained.

We analogously prove the exponential blowup when converting a formula from disjunctive
to conjunctive normal form (Section 5). Our formalization splits the paper proof into a
low-level Proposition 23 and a high-level Theorem 24. The low-level proposition exhibits the
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exponential blowup for concrete formulas with specific shapes and properties; its proof uses
Proposition 16. The high-level theorem corresponds to the expected mathematical result
and proves that formulas expected by the low-level proposition can always be obtained.

Finally, we discuss some of the challenges we encountered when proving statements about
the size of formulas (Section 6).

Our work is part of the IsaFoL (Isabelle Formalization of Logic) effort [1]. Our formal-
ization consists of approximately 1100 nonempty lines and is available online [11]; we will
soon submit it to the Archive of Formal Proofs. It was developed with Isabelle2025 [7, §]
and with extensive usage of Sledgehammer [2, 9] and the structured Isar language [12]. In
this paper, we only provide some key lemmas and proof sketches; we refer interested readers
to the formalization for more details.

2 Mathematical Background

A formula of propositional logic is defined inductively as either falsehood (L), an atom
(or wvariable), the negation (—) of a formula, or the disjunction (V), conjunction (A), or
implication (—) of two formulas. A literal is either an atom z, a negated atom —z, falsehood
1, or negated falsehood —L. The literals x and —z as well as | and =L are complements of
each other.

A waluation is a function from atoms to Boolean values. The evaluation of a formula w.r.t.
a valuation is the Boolean value obtained after replacing all atoms with the specific truth
values assigned by the valuation and evaluating according to the usual Boolean evaluation
rules.

We say that a valuation a satisfies a formula ¢, written a |= ¢, if the formula evaluates
to true w.r.t. a. A formula ¢ is satisfiable if there exists a valuation that satisfies it (i.e.,
Ja. a = ¢) and tautological if it is satisfied by every valuation (i.e., Va. a | ¢). Two
formulas ¢ and v are equivalent if they evaluate to the same truth value for every valuation
(e, Va. a = ¢ +— a ).

A formula ¢ is in negation normal form if ¢ contains no implications and if negations only
occur immediately in front of atoms or falsehood (i.e., ¢ is built from literals by conjunction
and disjunction only).

For a formula ¢ in negation normal form, we define the dual formula ¢ in negation normal
form by replacing every literal by its complement and interchanging the symbols A and V.
For every formula ¢ in negation normal form, ¢ is equivalent to —¢.

» Definition 1. We define the following classes of formulas:
A term is a conjunction ay A - - - A ay of literals.
A clause is a disjunction a; V - -+ V ay of literals.
A formula in disjunctive normal form (DNF) is a disjunction Ty V - - - V T, of terms.
A formula in conjunctive normal form (CNF) is a conjunction C1 A - -+ A Cy, of clauses.

Note that every formula in DNF or CNF is also in negation normal form. For a formula
¢ in CNF, the dual formula ¢ is in DNF, and vice versa.

It is well known that every formula of propositional logic can be transformed into an
equivalent formula in DNF and into an equivalent formula in CNF. However, the cost of
these transformations is an exponential increase in the formula size in the worst case (see,
e.g., Kleine Biining and Lettmann’s textbook [4]).

» Theorem 2. For all sufficiently large n € N, there exist formulas F, in CNF with
|E,| = O(n) such that every equivalent formula Gy, in DNF is of size |G,| > n - 2™.
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Proof sketch. The formulas F), are defined as F,, = \[_, (zi0 V 2i1) A (250 V i) (Le.,
the conjunction of exclusive disjunctions).

ftG,=V jem Ly is a formula in CNF equivalent to F,,, then the following two claims
hold, which together prove the statement.

Claim 1. Each term T} contains exactly one of the literals x; o and x; 1, for every ¢ < n;
otherwise, there exists a valuation that satisfies this term, and thus G,,, but does not satisfy
F,. It follows that every term T is of size at least n.

Claim 2. For every vector € = (e1,...,€,) € {0,1}", there is one of the terms T} in G,,
which contains the literals 1 c,,...,Zn,c,; otherwise, we can find a valuation that satisfies
F,,, but does not satisfy G,,. It follows that G,, has at least m > 2" many terms. |

» Theorem 3. For all sufficiently large n € N, there exist formulas F), in DNF with
|F!| = O(n) such that every equivalent formula G, in CNF is of size |G| > n - 2".

Proof sketch. Let F! = F,, for the formula F,, from the proof of Theorem 2. If there was
a formula G,, in CNF equivalent to F, with |G| < n-2", then G,, would be a formula in
DNF equivalent to F,, with |G,,| = |G| < n - 2", contradicting Theorem 2. <

3 Formalization Preliminaries

For our Isabelle/HOL formalization, we reused the theories of proposition formulas from
Michaelis and Nipkow’s formalization of proof systems for classical propositional logic [5, 6].
Formulas have type ‘aformula, where ’a abstracts over the type of atoms. Basic operations on
formulas and related lemmas are expressed for any atom type. However, our main theorems
instantiate the atom type with variables z;;, where 7 is a natural number and b is a Boolean
value.

A formula is conjunctive if it is either a literal or its first subformula is a literal and its
second a conjunctive formula. Analogously, a formula is disjunctive if it is either a literal or
its first subformula is a literal and its second a disjunctive formula.

We now define some operations to build the conjunction and disjunction of a list of
formulas.

» Definition 4. The functions BigAnd' :: ‘a formula list = ’a formula and BigOr' ::
'a formula list = ’'a formula build the conjunction and disjunction, respectively, of all
formulas in a list:!

BigAnd' [| = —L BigOr' [| = L
Bighnd’ (4] = ¢ BigOr [¢] = ¢
BigAnd' (¢ # ¢s) = ¢ A BigAnd’ ¢s BigOr' (¢ # ¢s) = ¢ V BigOr’ ¢s

In the rest of this paper, we write /\‘iso| ¢sy; for BigAnd’ ¢s and vlliso\ ¢sy;) for BigOr' ¢s.”

» Remark. Our formalization always uses nonempty lists, and the base cases of Definition 4
could be be left unspecified. However, providing these base cases allows us to prove many
lemmas for arbitrary lists without requiring a nonemptiness assumption that would need to
be repeatedly discharged.

! The infix operation x # xs adds an element z at the front of a list xs.
2 The operation xs[; refers to the " element of a list s. Indices are zero-based from left to right.
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We will later need to generate lists of formulas for BigAnd’ and BigOr’ and define two
functions to do so.

» Definition 5. The functions unconj :: ‘aformula = 'aformulalist and undisj :: ‘aformula =
'a formula list extract the list of subformulas directly under a given formula’s conjunctions
and disjunctions, respectively:?

unconj (¢ A 1)) = unconj ¢ @ unconj ¢ undisj (¢ V ¢) = undisj ¢ @ undisj ¥
unconj ¢ = [¢) undisj ¢ = [@]

We will also need to construct formulas of a very specific family and define a function to
do so.

» Definition 6. The function Fn :: nat = ’‘a formula creates a formula containing the
conjunction of the exclusive disjunctions of each variable pair z; fase and x; Tre with @ €

{1,...,n}:
Fn0=-1
Fn (n+1) = ((zi Faise V i, True) A (5% False V i True)) A Fnn
In the rest of this paper, we write F,, for Fnn.

Definition 6 is designed such that a formula F, is in CNF and can only be satisfied by
valuations that assign different truth values to the variables z; Faise and z; Trye-

» Lemma 7. Let n be a natural number. The formula F,, is in CNF.

» Lemma 8. Let n be a natural number. Let o be a valuation. The valuation « satisfies F,
if and only if (o T Faise) 7 (¢ T4 True) for every 1 <i < n.

Finally, we provide two different definitions for the size of a formula.

» Definition 9. The functions size :: ‘a formula = nat and sizef :: 'a formula = nat provide
two metrics of formula size: size counts the number of logical symbols, and sizef counts the
number of logical symbols that are not negations.

sizex =1 sizef x =1
size L =1 sizef L =1
size ~¢ = size p + 1 sizef ¢ = sizef ¢
size ¢ V 1 = size ¢ + sizep + 1 sizef ¢ V 1) = sizef ¢ + sizef ¢ + 1
size ¢ A ) = size p +sizep + 1 sizef ¢ A 1) = sizef ¢ 4 sizef Y + 1
size ¢ — 1) = size ¢ +sizep + 1 sizef ¢ — 1) = sizef ¢ + sizef ¢ 41

In the rest of this paper, we write |@| for size ¢.

The function |-| corresponds to the intuitive notion of formula size while the function
sizef is an artefact of the formalization: Intuitively, for formulas in negation normal form,
sizef represents the number of logical symbols if one considers literals as basic unit instead of
atoms and falsehood.

Because sizef ignores negations, it always evaluates to a number smaller than or equal to
the number of |-|.

3 The infix operation zs @ ys appends a list zs at the front of a list ys.
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» Lemma 10. Let ¢ be a formula. sizef ¢ < |¢).
We will need to know the size of formulas built using the functions seen so far.

» Lemma 11. Let ¢ be a formula in CNF and v be a formula in DNF. The following
equalities hold:

unconj ¢ unconj
sizef (/\l_so e (unconj ¢)[¢]> = sizef ¢ ‘/\I.;o o (unconj qb)[i] = |9
. |undisj 9| . i |undisj 1| ..
sizef (\/i:O (undisj 1/’)[1']) = sizef ¢ ‘\/izo (undisj ¥) ;)| =[]

» Lemma 12. Let n be a natural number. sizef F, =8 -n+1 and |F,| =10-n+ 2.

Most of the statements about the size of formulas are expressed in terms of sizef but,
fortunately, Lemma 10 will allow us to express the statements of Theorems 17 and 24 entirely
in terms of the more intuitive |-|.

4 CNF to DNF

Our formalization splits the paper proof of Theorem 2 into a low-level proposition, which
assumes the existence of formulas with specific shapes and properties, and a theorem, which
proves that such formulas can always be obtained. We start by proving a few basic properties
of conjunctive formulas w.r.t. valuations.

We first prove a monotonicity property of satisfiability w.r.t. valuations.

» Lemma 13. Let ¢ be a conjunctive formula. Let o and B be valuations. If both valuations
map every variable occurring in ¢ to the same Boolean value and if o satisfies ¢, then B also
satisfies ¢.

Next, we prove some sufficient conditions for a valuation to not satisfy a conjunctive
formula.

» Lemma 14. Let ¢ be a conjunctive formula. Let a be a valuation. If
there exists a variable that occurs positively in ¢ and is mapped to false by « or
there exists a variable that occurs negatively in ¢ and is mapped to true by «,
then o does not satisfy ¢.

Next, we prove a lower bound of the size of \/‘Z‘iso| Pspy)-

» Lemma 15. Let n > 0 be a natural number. Let ¢s be a list of formulas. If every ¢ € set¢s
has sizef ¢ > m and if |¢s| > 2", then sizef (\//3] pspy) = m - 24

We can now prove that some specific formulas equivalent to F,, (Definition 6) have a size
exponential in n.

» Proposition 16. Let n > 0 be a natural number. Let T's be a list of formulas. Let
P = \/g‘a‘ Tsp)- If all formulas in T's are conjunctive and satisfiable, and if Fy, is equivalent
to 1, then sizef p > mn - 2™.

Proof sketch. We proceed in five steps:

4 The function set :: ‘a list = 'a set converts a list into a set.
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1. First, we show that every conjunctive formula T € set T's contains for all ¢ € {1,...,n}
either the variable x; Faise OF ' True positively. We prove this step by contradiction, where
we must derive false for two cases: Either the variables z; raise and x; trye are both
positively contained in T or they are both not positively contained. In both cases, we
proceed by defining a valuation that satisfies ¥ but not Fj,. For instance, in the second
case, we find a valuation that satisfies T' and change the assignment of the variables
Z; False a0d ; True to false. We then show using Lemmas 8, 13, and 14 that this modified
valuation satisfies T' (and thus %) but does not satisfy Fj,. This means that F, is not
equivalent to 1, which contradicts the proposition’s assumption.

2. From step 1, we derive that every T € set T's has sizef T > n.

3. Furthermore, we prove that for every Boolean list € = [eq1, ..., €,] there exists a T' € setT's
that contains the corresponding variables z1 c, ..., Zn,c, positively. If this is not the case
for a specific list €, we show using step 1 that every 7" must contain one of the variables
T1,5eqs -+ > Tnyme, DOsitively. We then define a valuation that maps all variables x; ., to
true and z; -, to false for i € {1,...,n}. We show using Lemma 14 that this valuation
satisfies F,, but not . This means that F}, is not equivalent to v, which contradicts the
proposition’s assumption.

4. We then prove that the number of Boolean lists of length n is 2" < |set T's| < |T's| using
steps 1 and 3.

5. Finally, we show that sizef ¢ > n - 2" by combining the results from steps 2 and 4 to
discharge the assumptions of Lemma 15. |

Proposition 16 assumes the existence of two equivalent formulas F;, (in CNF) and
\/ sl o I's;;) (in DNF) and proves a lower bound on the size of the later. We now prove that
such equivalent formulas do exist and that the exponential blowup holds for all of them.

» Theorem 17 (Exponential Blowup from CNF to DNF). Let n be a natural number. There
exists a formula ¢ in CNF with size || = 10 - n + 2 such that every equivalent formula ¢ in
DNF has size |[¢| > n - 2",

Proof sketch. We start by a case analysis on n. The interesting case is when n > 0. We
define ¢ = F,, (Definition 6); it is easy to show that F,, is in CNF (using Lemma 7) and
that |¢| = 10 - n + 2 (using Lemma 12). To prove the last property, we assume that
there is an equivalent formula ¢ in DNF. We first obtain a list T's (by filtering undisj ¥)
of all satisfiable terms in v such that all formulas in T's are conjunctive and satisfiable,
sizef ¢ > sizef (\/‘ ¢! T's;)) (using Lemma 11), and \/ ¢! o T'sp;) is equivalent to ¢. From this

last equivalence, we show that \/‘igl T'sp;) is equivalent to F,. This allows us to prove that
sizef (\/‘Zzzl Ts;;)) > n- 2" using Proposition 16. We can prove that sizef ) > n - 2" by
transitivity and, finally, that |¢)| > n - 2™ using Lemma 10. <

We claim that Theorem 17 is a formalization of the paper proof of Theorem 2.

5 DNF to CNF

Our formalization splits the paper proof of Theorem 3 into a low-level proposition, which
assumes the existence of formulas with specific shapes and properties, and a theorem, which
proves that such formulas can always be obtained. We start by defining a function to produce
the dual of a formula and proving a few basic properties.

» Definition 18. The function dual :: ‘a formula = ’'a formula converts a formula to its
dual form by replacing each literal with its complement: an atom x becomes —z, falsehood
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1 becomes =1, a negation —¢ becomes ¢, a disjunction ¢ V b becomes dual ¢ A dual ¥, a
conjunction ¢ A 1) becomes dual ¢ V dual v, and an implication ¢ — 1 becomes ¢ A dual .

» Remark. In contrast to the definition of dual formulas in Section 2, we specify the dual
function for arbitrary formulas to avoid the recurring assumption that formulas are in
negation normal form.

The semantics of a dual formula is the exact opposite of that of the original formula.
» Lemma 19. Let ¢ be a formula. The formula dual ¢ is equivalent to —¢.

Because the sizef function ignores negations, the dual function preserves the size of the
original formula.

» Lemma 20. Let ¢ be a formula. sizef (dual ¢) = sizef ¢.
Next, we prove some sufficient condition for a dual formula to be satisfiable.

» Lemma 21. Let ¢ be a formula. If ¢ is disjunctive and not tautological, then dual ¢ is
satisfiable.

Next, we prove that the dual of some specific formulas in DNF are in CNF.

» Lemma 22. Let Cs be a list of formulas. If all formulas in Cs are disjunctive and not
tautological, then there exists a list Ts such that all formulas in Ts are conjunctive and
satisfiable, and dual (A Cspy)) = v/l T'sy

Proof sketch. We prove this by structural induction over the list C's using Lemma 21. The
idea is to map each element of Cs to its dual form. <

We can now prove that some specific formulas equivalent to the dual of F), (Definition 6)
have a size exponential in n.

» Proposition 23. Let n > 0 be a natural number. Let C's be a list of formulas. Let
P = /\lcs‘ Cspy. If all formulas in Cs are disjunctive and not tautological, and dual F,, is
equivalent to v, then sizef ¢ > n - 2™.

Proof sketch. We prove this by contradiction using Proposition 16. We assume sizefy) < n-2"

and from that derive false in five steps:

1. First, we know from Lemma 20 that sizef (dual ¢) = sizef ¢, thus sizef (dual ¢) < n - 2™.

2. Moreover, we show that dual ¢ is equivalent to F,, using, among others, Lemma 19.

3. Also, we prove using Lemma 22 that there exists a list T's such that every formula
contained i 1n Ts is both conjunctive and satisfiable and such that dual v is syntactically
equal to \/ Ts [

4. From steps 2 and 3, we can discharge the assumptions of Proposition 16 for F}, and dual
and thus show that sizef (dual ¢) > n - 2".

5. The result of step 1 contradicts the result of step 4, completing the proof. <

Proposition 23 assumes the existence of two equivalent formulas dual F,, (in DNF) and
/\ﬁg' Csp;) (in CNF) and proves a lower bound on the size of the later. We now prove that
such equivalent formulas do exist and that the exponential blowup holds for all of them.

» Theorem 24 (Exponential Blowup from DNF to CNF). Let n be a natural number. There
exists a formula ¢ in DNF with size |¢| = 10 -n + 1 such that every equivalent formula v in
CNF has size || > n - 2™.

Proof sketch. The proof is analogous to the proof of Theorem 17. |

We claim that Theorem 24 is a formalization of the paper proof of Theorem 3.
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6 Discussion

Whereas most ideas of the paper proof can be directly used for the formalization, some
intuitive mathematical proof steps required significant formalization effort. This was most
pronounced in the proof steps 2 and 4 of Proposition 16, where we derived statements about
the size of a formula from its properties. To prove step 4, we use a general lemma (already
included in Isabelle/HOL) about the cardinality of finite sets.

» Lemma 25. Let X and Y be sets. Let f be a unary function. IfY is finite, and if
{fz|xe X} CY, and if f is injective on X, then the cardinality of X is less than or equal
to the cardinality of Y.

We use Lemma 25 to prove that the number of Boolean lists of length n is less than
or equal to the cardinality of set T's. We instantiate X with the set of all Boolean lists of
length n, Y with set T's, and f with a function that takes a Boolean list and returns some
conjunctive formula T" € setT's for which the predicate of step 3 holds. Finding an appropriate
function for f and discharging Lemma 25’s assumptions was surprisingly challenging: The
first assumption was the most intricate and its proof uses both steps 1 and 3, the second
assumption follows from step 3, and the third assumption easily holds.

To prove step 2, we introduced a new lemma, inspired by Lemma 25, that uses a binary
function that is right total w.r.t. the target set.

» Lemma 26. Let X be a set of elements of type ‘a and Y be a set of elements of type 'c.
Let f 2 'a= "b= 'c be a binary function. If X and Y are finite sets, and if for all z € X
there exists an element y such that fxy €Y, and if the function f is injective on all those
pairs of x and y, then the cardinality of X is less than or equal to the cardinality of Y.

We use Lemma 26 to prove that every T' € set T's contains at least n atoms and thus that
sizef T > n. To achieve this, we instantiate X with {1,...,n}, Y with the set of atoms of T,
and f with the constructor for variables. Finding the correct statement for Lemma 26 was
challenging but, once it was found, it was easy to discharge the assumptions using step 1.

Moreover, we chose to modify the functions BigAnd and BigOr from Michaelis and Nipkow
[5] and to define our own versions in Definition 4, where the base cases are handled differently.
Our functions avoid appending =1 and L to the produced formula when the provided list
is nonempty. This allowed us to prove the size equalities in Lemma 11 instead of having
the left-hand side of the lemmas be slightly smaller than the right-hand side. Using the
original functions would have been possible, but it would have resulted in Theorems 17 and 24
stating that the size |¢| +2 > n - 2" instead of || > n - 2™. To keep the statements close to
their mathematical counterparts, we therefore chose to introduce the functions BigAnd’ and
BigOr'.

Finally we introduced the function sizef to be able to prove the equality of Lemma 20.
Without sizef, we could only prove the inequality |dual ¢| < 2 - |¢| because dual adds and
removes negations depending on the formula. It would be possible to restate and prove the
statement of Proposition 16 in terms of |-|. However, if we tried to restate and prove the
statement of Proposition 23 in terms of |-|, we would prove |dual ¢)| < 2-n-2" in step 1 and
|dual | > n - 2™ in step 4, and we would not be able to derive a contradiction in step 5.

7 Conclusion

We formalized in Isabelle/HOL the well-known result about propositional logic that trans-
forming a formula into DNF or CNF can lead to an exponential blowup of the formula size.
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Leon Raffael Schulz, Martin Desharnais-Schafer, and Jan Johannsen

The proof is split into a low-level proposition and a theorem for conversion to DNF and
analogously for conversion to CNF. We also reported of some challenges we encountered
when proving statements about the size of formulas.

Our formalization may serve as a basis and template for future formalizations of quanti-

tative results in propositional logic.
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